We experimentally demonstrate the feasibility of a superresolution technique based on eigenmode decomposition. This technique has been proposed theoretically but, to the best of our knowledge, has not previously been realized experimentally for optical imaging systems with circular apertures. We use a standard diffraction-limited 4 f imaging system with circular apertures for which the radial eigenmodes are the circular prolate spheroidal functions. For three original objects with different content of angular information we achieve 45%, 49%, and 89% improvement of resolution over the Rayleigh limit. The work presented can be considered as progress towards the goal of reaching the quantum limits of super-resolution. 
Introduction
One of the fundamental limits to the resolution of an optical imaging system is the diffraction of light. Diffraction, together with finite-aperture optics, results in a loss of high spatial frequency information contained in the original object. The loss of this information results in a final image that is blurred, and fine details present in the original object can no longer be resolved. As a guide, the resolving power of an optical system can be estimated from the Rayleigh criterion, which gives an approximate limit to the conditions where two point sources can be distinguished. The spatial resolution of a lens with a focal length f and diameter D is given by
where λ is the wavelength of the light. It is well known that this diffraction limit can be overcome in certain circumstances. Super-resolution imaging is the field of research dedicated to resolving details in images to a higher precision than that given by the Rayleigh criterion. As super-resolution imaging has many applications in many disciplines, numerous techniques have been developed for this purpose. In addition super-resolution techniques play an important role in lithography [1] [2] [3] . The loss of information in an imaging system can be quantified with the use of the fact that the number of degrees-of-freedom of an object can differ from that of the image-forming instrument [4] . The number of degrees-of-freedom of an image and the detection of ambiguous images were introduced as key concepts for the resolution limits of imaging. If two distinct objects have identical images after propagating through the optical system, these two objects cannot be distinguished without the use of a priori information. The identical images after propagation are ambiguous images. It was later shown that, in certain optical systems, objects with a finite size do not have ambiguous images [5] . Resolution in these systems is only limited by noise given that the image can be accurately measured.
The discussion of super-resolution was initiated in the middle of the last century. It is well known that (i) super-resolution is in principle possible, given some amount of a priori information about the object, and (ii) the degree of super-resolution is determined by the signal-to-noise ratio (SNR) in the detection scheme; however, there are many unanswered questions. Indeed, new techniques for achieving super-resolution have recently appeared in the literature such as hyperlenses [6] , negative refraction lenses [7] [8] [9] , super-oscillating lenses [10] and photoncounting techniques [11, 12] . Several key issues of super-resolution remain to be clarified such as, for example, the relation between the amount of a priori information and the degree of super-resolution. Recent work has addressed the question about super-resolution of sparse objects using the technique of compressed sensing. Still largely unaddressed at the experiment level are the ultimate limits of super-resolution imposed by the quantum nature of the light. The inevitable quantum fluctuations result in the so-called standard quantum limit of photodetection.
Another approach to super-resolution imaging is based on the optical eigenmodes of a system [13] [14] [15] . Eigenmodes are complex fields that propagate through the optical system with an unchanged spatial distribution and a known attenuation in amplitude [16] . In this case, the improvement to the resolution is limited by the achievable signal-to-noise ratio of the transmitted eigenmodes. Recently, in-depth theoretical studies into the effects of quantum fluctuations on eigenmode super-resolution imaging have been performed for the case of one-dimensional and two-dimensional images [17-21]. We are motivated by the goal of reaching the quantum limit of super-resolution so that we can measure the degree of super-resolution as a function of the SNR. The work presented in this paper is a first step towards this goal.
In this work, we present the first demonstration of eigenmode super-resolution with prolate spheroidal modes. The prolate spheroidal modes are the optical eigenmodes of a diffractionlimited 4 f system with circular apertures. We find that in certain cases we are able to reconstruct images with a resolution beyond the Rayleigh criterion of our optical setup.
Theory
The optical system that we consider is a diffraction-limited 4 f imaging system; see Fig. 1 . In such a system, we assume that the original diffraction-free image is contained within the radius R o at the object plane. This image is optically Fourier transformed by the first lens onto the pupil plane where there is a pupil aperture of radius R p . It is at this plane that the high spatial frequency modes are absorbed. The remainder of the field is Fourier transformed by the second lens onto the image plane, resulting in a final image that is diffraction-limited.
The eigenmodes of the 4 f system are prolate spheroidal modes [22] . These are modes with circular symmetry that are attenuated by a factor of λ p on propagation through the optical system, where and p are angular and radial indices respectively. The attenuation factor is the eigenvalue of its corresponding eigenmode and ranges from 0, which corresponds to no transmission, to 1, which corresponds to full transmission.
Due to the circular symmetry of the 4 f system, it is convenient to use polar coordinates r and θ . Many authors use the dimensionless coordinates r/R o in the definition of the prolate spheroidal modes. However, we choose to use the dimensional variable r, such that the prolate spheroidal modes range from 0 to R o . A prolate spheroidal mode is defined as
where ϕ p is a generalised prolate spheroidal function, and c is the space-bandwidth product.
The space-bandwidth product of the 4 f system is given by
where λ is the wavelength, f is the focal length of the lenses, R o is the radius of the image, and R p is the radius of the pupil aperture [21] . The space-bandwidth product is a measure of how much information can be transmitted through the optical system and provides a rough estimate of the number of degrees of freedom of the optical system. The generalised prolate spheroidal functions ϕ p , which are of considerable interest in both mathematics [23] [24] [25] [26] and physics [27-29], were independently developed by Slepian [22] and Heurley [30] . As the generalised prolate spheroidal functions are difficult to calculate analytically, we take the approach detailed in Ref.
[21] to generate them numerically. In summary, the numerical procedure entails writing the function as a series of radial Zernike polynomials. These polynomials are weighted by coefficients that are given by a three-term recurrence relation. Figure 2 illustrates the intensity and phase profiles of selected prolate spheroidal modes.
The prolate spheroidal modes form a complete orthogonal basis over a disc of radius R o . The corresponding orthogonality relation is
Thus, the complex fields at the object and image planes, denoted A(r, θ ) and B(r, θ ) respectively, can be written as superpositions of prolate spheroidal modes using the following equations:
and The images at the object and image planes are given by |A(r, θ )| 2 and |B(r, θ )| 2 respectively. The complex coefficients α p and β p are obtained by the following complex overlap integrals:
and
As the prolate spheroidal modes are the orthogonal eigenmodes of the 4 f system, there is a straightforward relationship between the coefficients α p and β p . Let the linear operator S represent the transmission of an image through the 4 f system. Applying the operator S to the complex field at the object plane results in the complex field at the image plane,
Each prolate spheroidal mode Φ p is attenuated by a factor of λ p on propagation through the 4 f system; see Fig. 3(a) . In terms of the operator S,
This is the familiar eigenvalue problem. For the detailed procedure used to calculate the eigenvalues λ p numerically, see Ref.
[21]. The eigenvalues of a subset of the prolate spheroidal modes that correspond to a 4 f system with c = 10 are illustrated in Fig. 3(b) . Equation (9) expanded in terms of the prolate spheroidal modes is equal to It follows that the coefficients of the modes α p that are required to reconstruct the field at the object plane can be calculated by measuring the coefficients of the modes β p at the image plane and dividing by the anticipated transmission λ p ,
Substituting Eq. (12) into Eq. (5), we find that a reconstruction of the original image can be found by taking the modulus squared of the sum over all different prolate spheroidal modes,
In the case of zero noise and perfect reconstruction, the reconstructed image |C(r, θ )| 2 is the same as the original image |A(r, θ )| 2 . We now see how super-resolution can be performed with knowledge of the complex decomposition coefficients in the image plane and the corresponding eigenmodes of the system. In practice, the gains in resolution are limited by the signal-tonoise levels of the attenuated modes. Therefore, the number of modes that are used for image reconstruction is finite. 
Experiment
A detailed summary of our experimental procedure follows. We generate a coherent superposition of prolate spheroidal modes using a spatial light modulator (SLM, Holoeye Pluto) placed in the object plane of the 4 f system; see Fig. 4 for details. The SLM is illuminated with light from a spatially-filtered 670 nm diode laser that is expanded to a beam waist of ∼ 1 cm. The first diffraction order of the reflected light off the SLM propagates through a 4 f system constructed of two lenses of focal lengths f = 0.5 m, an adjustable iris placed at the focal point of each lens, and a standard CCD camera (Dalsa Genie). The iris absorbs the high spatial frequency components of the light field such that the image recorded by the camera is diffraction-limited. The space-bandwidth product c of the system is set by adjusting the radius of the iris R p and the radius of the image R o on the SLM. For the purpose of the experiment, the space-bandwidth product is set to c ≈ 10. The intensity profile of the superposition of prolate spheroidal modes generated by the SLM, which is in the object plane, constitutes the original diffraction-free image. The intensity profile of the light recorded by the camera, which is in the image plane, constitutes the observed diffraction-limited image. By applying the super-resolution technique, we are able to reconstruct an estimate of the original image.
A key requirement of the eigenmode super-resolution technique is the knowledge of the complex field B(r, θ ) at the image plane. To achieve this, we first interfere a reference mode E ref (r, θ ) with the received field and record the intensity distribution of the interference pattern with the camera I(r, θ ). Second, we shift the phase of the reference by 2π/N, where N is an integer greater than 3, and record the new interference pattern. This process is repeated such that the phase of the reference is shifted through 2π, and the field can be recovered using
where the q th intensity distribution recorded by the camera I q (r, θ ) is equal to
After the field B(r, θ ) at the object plane is recovered, the complex coefficients β p are established by decomposing over the appropriate prolate spheroidal modes using Eq. (8) . An estimate of the original image is then reconstructed using Eq. (13). 
Results and discussion
We performed eigenmode super-resolution imaging for a range of initial superpositions of Φ p modes; Fig. 5 shows the original images, the experimentally recorded diffraction-limited images, and the super-resolved images following the reconstruction procedure. By comparison of each column, it is clear that the super-resolved images closely resemble the original images, whereas the experimentally recorded images are subject to loss and blurring. The modulus squared of the Φ p mode coefficients, which are normalized such that the maximum value is equal to one, are shown in Fig. 6 . It can be seen from this figure that the high-order modes of the images are attenuated in the diffraction-limited image; but they are recovered when the coefficients are divided by λ p .
The gains in resolution can be quantified by comparing the complex overlaps of the reconstructed fields and diffraction-limited fields with respect to the original fields. The ratios of the modulus squared of these quantities gives an indicator of the super-resolution factors. We define the complex overlap of a super-resolved complex field and an original complex field as
and the complex overlap of a diffraction-limited complex field and an original complex field η is simularly defined with B(r, θ ) replacing C(r, θ ). The super-resolution factor is then defined by κ η
The super-resolution factors for the three images in Fig. 5 are (i) 89%, (ii) 49%, and (iii) 45%. The eigenmode super-resolution technique is applicable to any diffraction-limited optical system when a set of orthogonal eigenmodes that forms a complete basis over the object and image planes can be determined. If a complete orthogonal eigenmode basis can be found, all initial images can be distinguished after post-processing.
It should be noted that for high-order modes the eigenvalues λ p tend to zero. The decomposition coefficients β p are therefore divided by small numbers and any noise will be amplified and introduce errors into the estimation of the original coefficients. Consequently, there is a limit on the degree of super-resolution that is achievable in practice, and it is important to choose an appropriate range of values for and p for the reconstruction. If too many coefficients are included, noise becomes the dominating factor; if too few coefficients are included, there will be no improvement in the resolution of the reconstructed image compared to the recorded one. A threshold for λ p is thus required for the reconstruction. This threshold can be set as the inverse of the signal-to-noise ratio [21] . In our experiment, we set the threshold so that modes with eigenvalues greater than 0.05 are included, and those with eigenvalues less than 0.05 are not. We find that this limit gives a good balance between the super-resolution gained and the noise introduced.
Conclusion
In conclusion, we report the first experimental realization of eigenmode super-resolution imaging for the case of a diffraction-limited 4 f system with circular apertures. The quantum limits of super-resolution are most easily addressed in the framework that we present; thus, this work represents important progress towards investigating this regime. The limitations of the technique that we report are that we require knowledge of the optical eigenmodes of the system, which is not a trivial task for more complex imaging schemes, and that the complex field recovery process adds additional time to the reconstruction procedure. However, these limitations can be overcome as the eigenmodes of an arbitrary system can be found through experimental characterization, and similarly, the field recovery time can be reduced with alternative interferometric implementations.
The technique is general, in that it can be applied to other systems where the optical eigen-modes can be established. The improvement to the resolution of the final reconstructed image is related to the maximum achievable signal-to-noise ratio of the experiment. Future research will focus on the resolution limits that are set by the quantum fluctuations of the light field [20, 21] .
